ABSTRACT. In this paper, we propose a distribution that describes a specific system. The system has a heavy traffic, a fast service and the service rate depends on state of the system. This distribution we call the Maximum-Conway-Maxwell-Poisson-exponential distribution, denoted by MAXCOMPE distribution. The MAXCOMPE distribution is obtained by compound distributions in which we use the zero truncated Conway-Maxwell-Poisson distribution and the exponential distribution. This distribution has adjustment mechanism in order to re-establish the equilibrium of the system when the traffic flow increases and that is described by variations of the pressure parameter. Because of this, the MAXCOMPE distribution contains sub-models, such as, the Maximum-geometric-exponential distribution, the Maximum-Poisson-exponential distribution and the Maximum-Bernoulli-exponential distribution. The properties of the proposed distribution are discussed, including formal proof of its density function and explicit algebraic formulas for their reliability function and moments. The parameter estimation is based on the usual maximum likelihood method. Simulated and real data are shown to illustrate the applicability of the model.
INTRODUCTION
In this paper, the studied system is very specific. The system has a single-server, fast service and heavy traffic. Furthermore, the service rate depends on state of the system, that is, when the number of customers increases, the service rate increases. The arrivals of the customers in the system are attached to the service, in other words, when a service finishes, another customer arrives and he enters into service directly. Thus, the service time is the same as inter-arrival time. For this reason, this system has an adjustment mechanism in order to re-establish the equilibrium of the This paper is organized as follows. In Section 2, the MAXCOMPE distribution and some of its properties are presented. The expressions for the density function and r-th moment of the MAXCOMPE distribution are described. In Section 3, we discuss maximum likelihood estimation. In Section 4, some numerical results with simulation and real data are showed. Conclusions are presented in Section 5.
THE MAXCOMPE DISTRIBUTION
In this section, we present the MAXCOMPE distribution. Consider the arrivals of the customers occur at random, inter-arrival times are exponentially distributed with mean λ, the service time is exponentially distributed and its mean is dependent on the system state, given by μ m = m φ μ, where φ is pressure parameter which indicates the degree that the service rate is affected by the state of the system, m is the number of customers in the system and μ is the service rate. The service discipline is considered to be first-in-first-out (FIFO).
When the pressure parameter assumes the values zero, φ = 0, the system is not accelerated and an adjustment is not required, for φ = 1 the service rate is proportional to the state of the queuing system and the service channels are open, for φ → ∞ the system is more accelerated and the service is very fast.
In Figure 1 we show the scheme of the system with the three variations of the pressure parameter. Let M be a random variable representing the number of customers in the system with a zero truncated COMP distribution (Cordeiro et al., 2012) . Its probability mass function is expressed as
where Z (ρ , φ) = ∞ j =0 ρ j ( j !) φ is a normalizing constant, ρ > 0 is the traffic intensity and φ ∈ [∞, ∞] is the pressure parameter.
Furthermore, φ ∈ [−∞, 1) the work is not accelerated and the service center. For φ ∈ (1, ∞] the work in the center is accelerated and some adjustments are needed. For φ = 0, we have the geometric distribution. For φ = 1, we have the Poisson distribution and for φ → ∞ we have the Bernoulli distribution.
Let Y i , i = 1, 2, . . ., be independent random variables denoting the inter-arrival times. The random variable Y i is exponentially distributed with parameter λ > 0 and its density function is given by
Consider the random variable Y = max(Y 1 , . . . Y M ) that represents the maximum inter-arrival time or the maximum service time.
In the following proposition, we provide the distribution that describes the studied system.
. . independent random variables defined above. The density function of the MAXCOMPE distribution is given by
where θ = (ρ, λ, φ) T is the vector of parameters, λ > 0 is the arrival rate, ρ < 1 is the traffic intensity and φ ∈ (−∞, ∞) is the pressure parameter.
Proof. The conditional density function of the
where f Y 1 (·) is the density function of the Y 1 and F Y 1 (·) is the probability function of the Y 1 . Therefore, the density function of the MAXCOMPE distribution is given by
This completes the proof. The distribution function of the MAXCOMPE distribution is given by
where
The reliability function of the MAXCOMPE distribution is
The r-th moment of Y is given by
The Equation (6) can be calculated numerically by truncation (Gradshteȋn et al., 2007) . The truncation of this sum is described in Appendix.
The MAXCOMPE distribution has sub-models that are presented via the corollaries below. 
where λ > 0 and ρ < 1.
In this case, the service rate is independent on state of the system.
The reliability function is given by
The sum in Equation (9) is truncated the same way that in the Equation (6) 
where λ > 0 and ρ > 0, in this case there is not restriction for ρ.
The service rate is directly proportional to the state of the system. Furthermore, new service channels are opened.
The sum in Equation (12) is truncated the same way that in the Equation (6) 
where λ > 0.
MAXIMUM LIKELIHOOD ESTIMATION
Let y = (y 1 , . . . , y n ) be a random sample of Y which it has the MAXCOMPE distribution with unknown parameter vector = (ρ, λ, φ) T . The log likelihood function for is
The score function
The maximum likelihood estimates (MLEs)ˆ of are obtained by solving the Equations U ( ) = 0. We use the numerical maximization by optim package in software R (Rigby & Stasinopoulos, 2005).
Under some regularity conditions,ˆ has asymptotic multivariate normal distribution with mean and variance I −1 ( )),
where I ( ) is Fisher information matrix. Furthermore,
is the observed Fisher information matrix. This result can be used to construct confidence intervals for the parameters of the distribution.
The log likelihood function for the sub-models are shown below.
• The log likelihood function of the MAXGE distribution is given by
The components of the score function are given by
• The log likelihood function of the MAXPE distribution is
• The log likelihood function of the MAXBE distribution is
The score function is
NUMERICAL RESULTS
In this section, we present simulated data using a program made in the software R (see Appendix) and two real data.
Simulation
The studied system was simulated by M/M/1 model. This model can be applied to provide approximate of other models (Whitt, 1989). We simulated two M/M/1 models with two pairs of values (ρ, λ, φ): (0.8, 0, 8, 0) and (0.9, 0.9, 0). These parameters were chosen because the system has heavy traffic, thus, with ρ = 0.8 and 0.9 the server has 80% and 90% of observed time occupied. We establish 10, 000 arrivals in the system as the ending point of the simulation. The sample size in each simulation is 9.000 service times. We choose the simulations nearest of the studied system. In other words, the system with the queue that has the shortest length.
Therefore, the simulated models have single server, heavy traffic and the service rate independent on state of the system. Due to the fact, the MAXGE distribution was chosen to model the maximum service time.
In the Tables 1 and 2 we show the summary of the simulations chosen to represent the system. We observe that the standard-deviation increases when the traffic intensity increases. The parameters of the model are estimated by maximum likelihood method. Numerical maximization of the log likelihood function is accomplished by using the RS method (Rigby & Stasinopoulos, 2005) . In Table 3 we show the MLEs of the MAXGE distribution, its to the respective confidence interval (CI) and standard error (sde). We simulate 1,000 samples sizes of the service times to evaluate the performance of the MLEs of the model for each used value ρ and λ. We consider different the sample sizes for observe the behavior of the estimates of the parameter, such as, n = 50, n = 250, n = 500, n = 700 and 1, 000. In Tables 4 and 5 we show sample means, variances and estimated bias of the MLEs. We note that the bias and the variances of the MLEs decreases as n increases. In the Figure 2 we compare the reliability function of the MAXGE distribution with the estimated reliability function. We observe that the reliability function of the MAXGE distribution has a close concordance with the estimated reliability function.
We use Log-rank and Chi-squared tests to evaluate if a closeness of the curves is significant or not (Kleinbaum & Klein, 2012 and Massey Jr, 1951). The null hypothesis of the tests cited is that there is no difference between the reliability functions.
We make 1,000 replications with different ending points to obtain the number of times that the null hypothesis is not rejected. The concordance percentages of the tests presented in Table 6 show that concordance increases as the traffic intensity, and ending point increases. We obtain the E(Y ) by Equation (9) where r = 1 and the sum was truncated (see Appendix) and it is possible to calculate by MAPLE or in the software R, therefore, we obtained that E(Y ) = 3.87 unit time and E(Y ) = 2.51 unit time when the intensity traffic is ρ = 0.8 and ρ = 0.9, respectively.
In Figure 3 we compare the MAXGE distribution with the exponential-Conway-Maxwell Poisson distribution, denoted by ECOMP distribution (Cordeiro et al., 2012) , and the M/M/1 model. The ECOMP distribution models is for the minimum time. In order to select the best distribution to explain the data, we consider the Akaike information criterion (AIC) and the Bayesian information criterion (BIC) which are defined by −2( (ˆ )+q) and ( (ˆ ) + q log(n)), respectively, where q is the number of estimated parameters under the distribution and n is the sample size. The best distribution has lower values of AIC and BIC (Akaike, 1974 and Schwarz et al., 1978) .
In Table 7 we show the values of the criterions AIC and BIC for the MAXGE distribution, ECOMP distribution and M/M/1. We observe that the MAXGE distribution has the lower values of AIC and BIC. 
Real Data
Next, we analyze two real data: first of all, the express checkout of a Brazilian supermarket and secondly the accesses to the website.
The express checkout
A Brazilian supermarket was chosen to collect the data. It has ten normal checkouts and three express checkouts. In a particular day of collection of the data, one of the express checkouts had the same behavior of the studied system. The sample consists of the 85 service times in minutes.
In Table 8 we show the summary of the express checkout data. We observe that the maximum service time is 5.93 minutes and the minimum service time is 1.6 minutes. We use the Kolmogorov-Smirnov test to check whether a sample comes from a population with exponential distribution (H 0 ). Therefore, with the significance level α = 0.05 and p-value = 0.3497 the null hypothesis is not rejected for the exponential distribution (Lilliefors, 1967).
In the express checkout, the service rate is independent on state of the system, therefore, the pressure parameter is zero, φ = 0. For this reason, we choose the MAXGE distribution to model the maximum service time.
In Table 9 we show the MLEs of the parameters ρ and λ, the confidence intervals (CI) 95% and sde. Using the Equation (9) with r = 1 and we truncated the sum in the sample size. We obtain E(Y ) = 2.72 minutes for the maximum service time.
In Figure 4 we compare the reliability function of the MAXGE distribution with the estimated reliability function. We observe that the reliability function of the MAXGE distribution fits with the estimated reliability function. In Figure 5 we compare the MAXGE distribution, ECOMP distribution and M/M/1 model.
In Table 10 we show that the MAXGE distribution has the lower values of the criterions AIC and BIC.
The accesses to the website
We used collected data of the accesses on web site "Tendências Profissionais" where the main aim was to collect data to define the profile of the communication professionals in Brazil (the data are of the Midia group). For this purpose, a survey with 26 questions was allocated on this website. The survey was distributed through social networks (Facebook, Twitter, Orkut, MySpace, Youtube) and 1,000 emails were sent to the main communication agencies in Brazil. On the website "Tendências Profissionais", the arrivals and the outputs of the customers were registered. Data collection started on 20 October, 2010 and it was available for 20 days. We analyze in a particular day which we collected 385 accesses on website.
For access the Tendências Profissionais:
(http://tendenciasprofissionais.wordpress.com/grupodepesquisa-mid/).
In Table 11 we show the summary of the accesses on website. We observe that the maximum time inter-access is 15.2 seconds and the minimum inter-access is 0.0001 seconds. The Kolmogorov-Smirnov test was used to check whether a sample comes from a population which is exponential distributed(H 0 ), with the significance level α = 0.05 and p-value = 0.2497 the null hypothesis is not rejected for the exponential distribution.
On the website each access can be considered a service channel, therefore, the service rate dependent of the state of the system, in this case the pressure parameter assumes values one, φ. For this reason, a possible model for the maximum inter-access is the MAXPE distribution.
In Table 12 we show the MLEs of the parameters ρ and λ, the confidence intervals 95%(CI) and sde for the parameters. We calculate the E(Y ) by Equation (12) with r=1. We truncated the sum in the sample size and we obtain E(Y ) = 8.42 seconds.
In Figure 6 we compare the reliability function of the MAXPE distribution with the estimated reliability function. We observe that the reliability function of the MAXPE distribution is a closely concordance with estimated reliability function. 
A DISTRIBUTION FOR THE SERVICE MODEL
In Figure 7 we compare the MAXPE distribution with the M/M/∞ model. In Table 13 we observe that the MAXPE distribution has the lower values criterions AIC and BIC, therefore, the MAXPE distribution is the best model. 
CONCLUSIONS
In this paper, we proposed the MAXCOMPE distribution for the maximum service time in which the service rate is dependent on state of the system and the arrival of customer is attached to the service. The MAXCOMPE distribution was obtained by compound distributions in which we used the zero truncated COMP distribution and the exponential distribution for the maximum service time. This distribution has an adjustment mechanism, described by the pressure parameter φ, in order to re-establish the equilibrium of the system when the number of the customer increases. We studied three values for the pressure parameter of the MAXCOMPE distribution, φ = 0, 1 and φ → ∞, consequently, other distributions are obtained. For φ = 0, the service rate independent on state of the system and the server is able to absorb all the works, in this case, MAXCOMPE distribution becomes the MAXGE distribution. For φ = 1, the service rate increases proportionally of the state of the system, the new service channels are open and the MAXCOMPE distribution becomes the MAXPE distribution. Finally, for φ → ∞ the service is very fast, we observe only one customer in the system and the MAXCOMPE distribution becomes the MAXBE distribution. The properties of the proposed distribution are discussed, including a formal proof of its density function and moments. To illustrate the applicability of the model the simulations and real date are used. We simulated two systems with different traffic intensities, such as, ρ = 0.8 and 0.9. These values are chosen, because the studied system has heavy traffic, for this reason, the parameter of the traffic intensity has high values. A restriction is the used the small traffic intensity because the MAXCOMPE distribution is zero truncated, therefore, the system is never idle. Furthermore, we observed that the sample mean of the estimates of the parameters is near of the true value. In addition, the fit of the proposed model was better when compared with the models: ECOMP, M/M/1 and M/M/∞. We used the criterions AIC e BIC to select the best distribution to explain the data. We used two real data, data of the express checkout for illustrated the MAXGE distribution where there is single server. And data of the access on the website for illustrated the MAXPE distribution. To conclude, we believe that the MAXCOMPE distribution has a practical approach and it can be applied to various practical situations.
APPENDIX
In this appendix, we show the programs in software R used in this paper and the truncation of the sum in E(Y ).
1. The programs in software R used in this paper.
• Programs in software R to simulate the M/M/1 model, Test Log-rank and Chisquared tests. 
where R ν is absolute truncated error.
An upper bound can be found based in the series ρ m /(m!) φ , m = 1, 2, . . . ,, decreases at a faster rate then a geometric series. Thus, there exists 0 < ε ν < 1 for all m > ν, so that ρ/(m + 1) φ < ε ν Therefore, R ν < ε ν , the error is small.
